Line bundle twisted chiral de Rham complex and bound states of D-branes on toric manifolds  by Parkhomenko, S.E.
Available online at www.sciencedirect.comScienceDirect
Nuclear Physics B 881 (2014) 233–247
www.elsevier.com/locate/nuclphysb
Line bundle twisted chiral de Rham complex
and bound states of D-branes on toric manifolds
S.E. Parkhomenko a,b,∗
a Landau Institute for Theoretical Physics, 142432 Chernogolovka, Moscow region, Russia
b Moscow Institute of Physics and Technology, 141707 Dolgoprudny, Moscow region, Russia
Received 29 September 2013; received in revised form 21 January 2014; accepted 5 February 2014
Available online 13 February 2014
Abstract
In this note we calculate elliptic genus in various examples of twisted chiral de Rham complex on two-
dimensional toric compact manifolds and Calabi–Yau hypersurfaces in toric manifolds. At first the elliptic
genus is calculated for the line bundle twisted chiral de Rham complex on a compact smooth toric mani-
fold and K3 hypersurface in P3. Then we twist chiral de Rham complex by sheaves localized on positive
codimension submanifolds in P2 and calculate in each case the elliptic genus. In the last example the el-
liptic genus of chiral de Rham complex on P2 twisted by SL(N) vector bundle with instanton number k is
calculated. In all the cases considered we find the infinite tower of open string oscillator contributions and
identify directly the open string boundary conditions of the corresponding bound state of D-branes.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
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1. Introduction
It has been proposed by J. Harvey and G. Moore [1] that sheaves can be used to model
D-branes on large-radius Calabi–Yau manifolds. Since then, a significant progress has been made
in understanding of sheaves as models of D-branes. As a review of the results and a source of
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ary conditions and sheaves is not known until now.
In the important work of Malikov, Schechtman and Vaintrob [4] a sheaf of vertex algebras,
which is called chiral de Rham complex, has been introduced for every smooth variety. When the
variety is Cd this sheaf is known as “bcβγ ”-system. Soon afterwards the significant application
of chiral de Rham complex in the String Theory has been represented in the beautiful paper of
Borisov [5] where the chiral de Rham complex construction has been given for each pair of dual
reflexive polytopes defining toric CY manifold. Thus Borisov constructed directly holomorphic
sector of the CFT from toric data of CY manifold.
Another application of chiral de Rham complex appears in the problem of Gepner models
[6] geometry investigation. The significant step in this direction has been made in the paper [7]
where the vertex algebra of certain Landau–Ginzburg orbifold has been related to the cohomol-
ogy of the chiral de Rham complex of toric CY manifold by a spectral sequence. One of the
key points of [7] is that the free-field representation of the corresponding Landau–Ginzburg orb-
ifold is given by a number of N = 2 minimal model “bcβγ ” representations of [8]. Later [9],
“bcβγ ” representations of N = 2 minimal models and chiral de Rham complex have been used
to investigate geometry for more complicated class of Gepner models. One should emphasize
here that the results of [7] and [9] dealt only with holomorphic (or anti-holomorphic) sector of
the σ -model and the problem how to combine chiral de Rham complex descriptions for holo-
morphic and anti-holomorphic sectors to get a full σ -model space of states description as well
as correlation functions is very interesting. This important problem has been investigated in the
works of Frenkel, Losev and Nekrasov [10,11]. In a more general string theory context, “bcβγ ”
systems have been discussed in [12].
In the paper [13] the generalization of Borisov construction [5] has been represented to in-
clude chiral de Rham complex on toric manifold twisted by line bundle. It was conjectured there
that the cohomology of line bundle twisted chiral de Rham complex may describe an infinite
tower of states in the open string sector of certain D-brane bound state on toric manifold. In
that sense, the conjecture from [13] is an extended version of the suggestion of J.A. Harvey and
G. Moore [1] allowing probably to establish the above mentioned map between sheaves and open
string boundary conditions in a more systematic way. In defense of the conjecture the results of
the paper [14] talk also. In that paper the open string sector of Gepner model boundary states
[15] was investigated by “bcβγ ” representations of N = 2 minimal models. That was possible
to do because for each pair of Gepner model boundary states the open string sector was given
by certain combination of (GSO projected) tensor products of N = 2 minimal models represen-
tations realized by “bcβγ ” fields due to [8]. It allowed to show in particular [14] that the open
string sector can be described as a representation of the cohomology of the chiral de Rham com-
plex on the Landau–Ginzburg orbifold which is related to the cohomology of the chiral de Rham
complex of the corresponding toric CY manifold by a spectral sequence from [7]. So the con-
juncture from [13] implies that if we fix a pair of Gepner model boundary states then the analog
of spectral sequence of [7] which relates the corresponding open string sector to the cohomology
of the chiral de Rham complex twisted by certain Chan–Paton bundle or sheaf should exist in
certain large radius limit of boundary sigma model on toric manifold. The proof (or disproof) of
this conjecture deserves special investigation by the ideas and methods developed in [10,11] but
it is beyond the scope of the present paper.
In this note we represent some additional evidences in support of the conjecture from [13]
calculating elliptic genus of the chiral de Rham complex twisted by line bundle as well as more
general sheaves determined on compact toric manifold and Calabi–Yau hypersurface embedded
S.E. Parkhomenko / Nuclear Physics B 881 (2014) 233–247 235in toric manifold. In all cases considered we interpret the results in terms of open string oscillator
contributions coming from certain bound states of D-branes establishing thereby a correspon-
dence between the boundary conditions and Chern classes of Chan–Paton bundles or sheaves.
Thus if we replace the usual bundles or sheaves by twisted chiral de Rham complex we include
all tower of string excitations and recover the open string boundary conditions.
We begin in Section 2 with an overview of general elliptic genus formula for the line bun-
dle twisted chiral de Rham complex on toric manifold and CY hypersurface obtained in [13]
and represent some evidences why the open string states on toric manifold with holomorphic
Chan–Paton bundle can be described locally by twisted chiral de Rham complex. In Section 3
we calculate the elliptic genus of line bundle twisted chiral de Rham complex on P2 and gen-
eralize the result for an arbitrary compact smooth two-dimensional toric variety. The result of
calculations is represented in terms of infinite tower of open string oscillator contributions com-
ing from the bound state of D0–D2–D4-branes. Then the elliptic genus calculation is made for
the line bundle twisted chiral de Rham complex on K3 hypersurface embedded in P3. In this case
we extract the corresponding open string oscillator contributions coming from bound state of D-
branes also. In Section 4 we generalize the results of Section 3 to include more general examples
of twisting sheaves. The explicit elliptic genus calculations are made in three examples. In the
first example the twisting sheaf localized on a curve in P2 and we find the open string contribu-
tions from D0–D2 bound state. In the second example the twisting sheaf localized on points in
P2 so the open string oscillator contributions come from bound state of D0-branes. In the third
example the chiral de Rham complex is twisted by a sheaf of SL(N) vector bundle with the in-
stanton number k. As a result of the elliptic genus calculation we find the infinite tower of open
string oscillator contributions coming from the bound states of k D0-branes and N D4-branes
which is in agreement with the conjecture of Witten [16] on the relation between the instantons
and D-branes. Tachyon condensation picture is discussed briefly at the end of the section. We
conclude in Section 5.
2. Line bundle twisted chiral de Rham complex elliptic genus
In this section a brief review of line bundle twisted chiral de Rham complex construction and
elliptic genus calculation is represented for a smooth complete toric variety. For more details the
reader is referred to [13,4,5,17].
2.1. The elliptic genus of chiral de Rham complex
We describe first the chiral de Rham complex and elliptic genus for the complete smooth toric
manifold following closely to [5,17].
Let X be a smooth variety of dimension d . In local coordinates x1, . . . , xd the set of local sec-
tions of chiral de Rham complex on X, MSV(X) can be described as follows. To the coordinates
x1, . . . , xd we associate “bcβγ ” system of fields
aμ(z) =
∑
n
aμ[n]z−n, a∗μ(z) =
∑
n
a∗μ[n]z−n−1,
αμ(z) =
∑
n
αμ[n]z−n− 12 , α∗μ(z) =
∑
n
αμ[n]z−n− 12 , (1)
μ = 1, . . . , d , with the following nontrivial super-commutators between the modes
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a∗μ[n], aν[m]
]
− = δμ,νδ(n+m),[
α∗μ[n], αν[m]
]
+ = δμ,νδ(n+m). (2)
Then the set of local sections of the chiral de Rham complex is generated by the creation opera-
tors of the fields (1) from the vacuum state |0〉 which is defined by
aμ[n]|0〉 = a∗μ[n− 1]|0〉 = αμ[n]|0〉 = α∗μ[n− 1]|0〉 = 0, n > 0. (3)
The important property is the behavior of the bcβγ system under the local change of coordinates
[4]. For each new set of coordinates
yμ = gμ(x1, . . . , xd), xμ = fμ(y1, . . . , yd) (4)
the isomorphic bcβγ system of fields is given by
bμ(z) = gμ
(
a1(z), . . . , ad(z)
)
,
βμ(z) = ∂gμ
∂aν
(
a1(z), . . . , ad(z)
)
αν(z), β
∗
μ(z) =
∂fν
∂bμ
(
a1(z), . . . , ad(z)
)
α∗ν (z),
b∗μ(z) =
∂fν
∂bμ
(
a1(z), . . . , ad(z)
)
a∗ν (z)+
∂2fλ
∂bμ∂bν
∂gν
∂aρ
(
a1(z), . . . , ad(z)
)
α∗λ(z)αρ(z). (5)
On the space of local sections of MSV(X) the N = 2 Virasoro superalgebra is acting by
G− =
∑
μ
αμa
∗
μ, G
+ = −
∑
μ
α∗μ∂aμ, J =
∑
μ
α∗μαμ,
T =
∑
μ
(
a∗μ∂aμ +
1
2
(
∂α∗μαμ − α∗μ∂αμ
))
. (6)
Though this algebra is globally defined only for Calabi–Yau manifold [4,5] the zero mode L[0]
of the field T (z) and zero mode J [0] of the field J (z) are invariant under the local change of
coordinates and hence, globally defined in general case. It provides the space of local sections
of the chiral de Rham complex with the double grading. The L[0] = 0 part is isomorphic to
the usual de Rham complex with differential G−[0]. Due to this double grading chiral de Rham
complex possesses a natural filtration such that the graded object isomorphic to the sheaf
E(q,y) = y− d2 ⊗n1 ∧
(
yqn−1T ∗
)⊗n1
∧ (y−1qnT )⊗n1 Sym(qnT ∗)⊗n1 Sym(qnT ) (7)
where the powers of y and q are given by eigenvalues of J [0] and L[0] [4].
Since the cohomology H ∗(MSV(X)) of chiral de Rham complex are finite-dimensional vec-
tor spaces at every eigenvalue of L[0] the Euler characteristics of the chiral de Rham complex
is well-defined and coincides with the Euler characteristics of the sheaf (7). It allows to give the
following definition of the elliptic genus of the chiral de Rham complex [17]
Ell(X,y, q) = y− d2 SuperTrH ∗(MSV(X))
(
yJ [0]qL[0]
)
. (8)
When X is a complete toric variety [18,19] the cohomology H ∗(MSV(X)) could be calcu-
lated as ˇChech cohomology for the open affine covering defined by d-dimensional cones [17].
So one has to describe the toric data defining X as well as its covering (see [18,19]).
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is a union of finite number of d-dimensional cones
Σ =
⋃
I
CI (9)
so that each intersection of the cones CI is also a cone from Σ . The variety X is smooth if the
cones CI are simplicial and are generated by a basis in Λ. The cones CI define the open affine
covering of X
X =
⋃
I
AI , AI = Spec
(
C
[
C∗I
]) (10)
where C∗I ⊂ Λ∗ is dual cone to CI [18,19]. Intersection of any number of AI is another open
subset of this type so the covering is acyclic for MSV(X) [5]. In addition the natural action of
(C∗)d can be extended to MSV(X). For any affine subset AI this action endows the sections of
MSV(X) over AI with natural grading by the lattice Λ∗. The same is true for the sections over
an intersection of finite number of AI ’s. Thus we come to the expression from [17]
Ell(X,y, q) = y− d2
∑
p∗∈Λ∗
∑
I1,...,Ik
(−1)k sdimp∗ H 0
(
AI1 ∩ · · · ∩AIk ,MSV(X)
) (11)
where s dim is a super-dimension which is finite for each fixed p∗ ∈ Λ∗ and powers of y and q .
One can in fact to calculate the sum for all p∗ simultaneously by introducing a multi-variable t
Ell(X, t, y, q) = y− d2
∑
p∗∈Λ∗
∑
I1,...,Ik
(−1)ktp∗ sdimp∗ H 0
(
AI1 ∩ · · · ∩AIk ,MSV(X)
) (12)
and putting in the end of calculation t = 1 [17].
As an important illustration of the calculation we consider AI . Because of AI = Spec(C[C∗I ])
it is isomorphic to the affine space with coordinates x1, . . . , xd so that the set of sections MI of
MSV(X) over this space has already been described by (1), (2) and (3). If p∗1, . . . , p∗d is some
basis generating the cone C∗I then∑
p∗∈Λ∗
tp
∗
sdimp∗ H 0
(
AI ,MSV(X)
)
=
∏
μ=1,...,d
∏
k1
(1 − tp∗μyqk−1)
(1 − tp∗μqk−1)
(1 − t−p∗μy−1qk)
(1 − t−p∗μqk) . (13)
To include positive codimension cones contribution we use “truly remarkable identity” [21]
(see also [17])
∏
k1
(1 − tyqk−1)
(1 − tqk−1)
(1 − t−1y−1qk)
(1 − t−1qk)
=
∑
n∈Z
tn
(
1 − yqn)−1 ∏
k1
(1 − yqk−1)(1 − y−1qk)
(1 − qk)2 . (14)
Thus we obtain for any cone C ⊂ Σ [17]
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tp
∗
sdimp∗ H 0
(
AC,MSV(X)
)
=
∑
p∗∈Λ∗
tp
∗ ∏
μ=1,...,dim C
1
1 − yqp∗(eμ) G(y, q)
d (15)
where
G(y,q) =
∏
k1
(1 − yqk−1)(1 − y−1qk)
(1 − qk)2 (16)
and ei are generators of the cone C.
Collecting the all cones contributions we find [17]
Ell(X, t, y, q)
= y −d2
∑
p∗∈Λ∗
∑
C⊂Σ
(−1)codim C
∏
μ=1,...,dim C
tp
∗
1 − yqp∗(eμ) G(y, q)
d . (17)
2.2. The elliptic genus of line bundle twisted chiral de Rham complex
The line bundle on a toric variety is given by toric divisor support function ω∗ [18,19]. It is a
piece-wise linear function on maximal dimension cones which is consistent on the intersections
of the cones. In other words the function ω∗ is a collection of elements {ω∗I } from the lattice Λ∗
which are compatible with the restriction map for every intersection CI ∩CJ :
ω∗I |CJ = ω∗J |CI ≡ ω∗IJ . (18)
The generalization of (17) for the line bundle twisted chiral de Rham complex is very simple
and given by [13]
Ellω∗(X, t, y, q) = y −d2
∑
p∗∈Λ∗
∑
C⊂Σ
(−1)codim C
∏
μ=1,...,dim C
tp
∗−ω∗C
1 − yqp∗(eμ) G(y, q)
d (19)
where ω∗C is the restriction of ω∗ on the cone C.
To explain this formula we consider first the sections of line bundle twisted chiral de Rham
complex over the AI . In this case the vacuum state is
|ΩI 〉 =
∏
aIμ[0]−ω∗I (eμ)|0〉. (20)
To generate the sections one has to apply the creation operators of the “bcβγ ” (1) to vacuum
|ΩI > where instead of the fields a∗μ(z) one has to take covariant derivatives fields
∇Iμ(z) = a∗Iμ(z)+ω∗I (eμ)z−1a−1Iμ (z). (21)
The last term in this expression is caused by a gauge potential defined on AI . Let us denote
the module generated by this way as MI . One can show that the vacuum |ΩI 〉 ∈ MI defines
trivializing isomorphism of modules (over the chiral de Rham complex on ACI ) [13]
gI :MI → MI (22)
by the rule
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gI
(∇Iμ[k])g−1I = a∗Iμ[k], gI (aIμ[k])g−1I = aIμ[k],
gI
(
αIμ[k]
)
g−1I = αIμ[k], gI
(
α∗Iμ[k]
)
g−1I = α∗Iμ[k]. (23)
We endowed the “bcβγ ” fields in the formulas (20),(21) and (23) by additional index I because
they differ for different cones CI .
As a consequence, gI defines the isomorphism between a pair of N = 2 Virasoro superalge-
bras, where the second one acts on MI by the currents (6) while the first one acts on MI by the
currents (6) where the fields ∇μ(z) are taken instead of a∗μ(z).
Now the expression (19) follows from the corresponding ˇChech complex of the covering [13].
One can use the isomorphisms (22) also to argue that the open string states on toric manifold
with holomorphic line bundle can be described as line bundle twisted chiral de Rham complex.
To this end one should rewrite first the chiral de Rham complex in the logarithmic coordinates
intensively used in [5]. It is given by the following expressions
aIμ(z) = exp
[
w∗Iμ ·X
]
(z), αIμ(z) = w∗μ ·ψ exp
[
w∗Iμ ·X
]
(z),
a∗Iμ(z) =
(
eμ · ∂X∗ −w∗Iμ ·ψeμ ·ψ∗
)
exp
[−w∗Iμ ·X](z),
α∗Iμ(z) = eμ ·ψ∗ exp
[−w∗Iμ ·X](z) (24)
where w∗Iμ are the dual vectors to the basis of vectors {eμ,μ = 0, . . . , Iˆ , . . . , d} generating the
cone CI :〈
w∗Iμ, eν
〉= δμν (25)
and Xi(z),X∗i (z), i = 1,2, . . . , d be the free bosonic fields and ψi(z),ψ∗i (z), i = 1,2, . . . , d be
the free fermionic fields:
X∗i (z1)Xj (z2) = ln(z12)δi,j + reg,
ψ∗i (z1)ψj (z2) = z−112 δi,j + reg, (26)
where z12 = z1 − z2. It is clear that the bosons Xi(z),X∗i (z) correspond to the logarithmic (or
polar) holomorphic and anti-holomorphic coordinates on the affine space AI . It is easy to see due
to (24) that for each fixed positive value of L[0]-grading the corresponding subspace of the space
of states generated from vacuum |ΩI 〉 by the creation operators of “bcβγ ” fields isomorphic to
certain subspace generated by the creation operators of the fields Xi(z),X∗i (z) and ψi(z),ψ∗i (z).
So the only difference appears in L[0] = 0 grading because the general vertex exp[p∗ · X(z) +
p ·X∗(z)] contains also target space anti-holomorphic contributions when p = 0. Because of we
consider only holomorphic Chan–Paton bundles this contribution vanishes. Thus, it is natural to
expect that the open string states on toric manifold with holomorphic line bundle can be described
locally as a line bundle twisted chiral de Rham complex.
2.3. Elliptic genus of line bundle twisted chiral de Rham complex on CY hypersurface
Recall first what data CY hypersurface in toric variety is determined [20].
Let Λ1 and Λ∗1 be dual lattices of rank d . Denote by Λ and Λ∗ two dual lattices such that
Λ = Λ1 ⊕ Z and Λ∗ = Λ∗1 ⊕ Z. Let us denote by deg the vector (0,1) ∈ Λ and by deg∗ we
denote the vector (0,1) ∈ Λ∗. The two dual reflexive polytopes  ⊂ Λ1 and ∗ ∈ Λ∗1 are given.
The polytope  codes some toric variety P while the polytope ∗ determine CY hypersurface
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Λ1 whose one-dimensional cones are generated by all vertices of  and some additional points
in . This fan induces the decomposition Σ of the cone K into subcones such that each of the
subcones includes deg. These are the toric data of the anticanonical bundle total space over P.
The last ingredient is the toric divisor support function ω∗ defined on K which is a collection
ω∗I of elements from Λ∗ compatible with the restriction map for every intersection CI ∩ CJ of
maximal dimension cones from Σ (see (18)). The toric divisor support function ω∗ determines
a line bundle on anticanonical bundle total space. The line bundle on CY hypersurface is an
induced bundle due to embedding defined by ∗.
The elliptic genus of line bundle twisted chiral de Rham complex on CY hypersurface is given
by [13]
y−
d−1
2
∑
p∗∈Λ∗
tp
∗−ω∗ ∑
C⊂Σ
(−1)codim C
∑
k∈C
y−〈deg∗,k〉+〈deg,p∗〉q〈p∗,k〉G
(
y−1, q
)d+1
. (27)
This expression generalize the elliptic genus formula from Proposition 6.2 of [17] for the case
of line bundle twisted chiral de Rham complex on a hypersurface in toric variety determined by
the combinatorial data above. The proof of (27) goes similar to the proof of Proposition 6.2 from
[17].
3. Line bundle twisted chiral de Rham complex elliptic genera calculations
3.1. Elliptic genus of line bundle twisted chiral de Rham complex on P1
Let e be the standard basis in R1. We fix the lattice
Λ = Ze (28)
and the dual lattice Λ∗ generated by the basic vector e∗. The fan Σ of P1 is the collection of
1-dimensional cones C+ ∈ Λ, C− ∈ Λ and 0-dimensional cone C• = C+ ∩ C−. The 1 − dim
cones generating the fun Σ are spanned by the vectors
C+ = Cone(e), C− = Cone(−e). (29)
The toric divisor support function defining the line bundle O(N) on P1 is the collection
(ω∗+,ω∗−) of elements from Λ∗
ω∗+ = N+e∗, ω∗− = N−e∗ (30)
where N± ∈ Z and N = N+ +N−.
According to (19) we find
Ellω∗
(
P
1, t, y, q
)= y −12 ∑
n∈Z
(
tn−N+
1 − yqnG(y, q)+
t−n−N−
1 − yqnG(y, q)−G(y,q)
)
. (31)
One can rewrite this expression in terms of theta functions using the identity (14) and riding of
the contribution from C• [17,13]
Ellω∗
(
P
1, t, y, q
)= t−N+ Θ(ty−1, q)
Θ(t, q)
+ tN−N+ Θ(t
−1y−1, q)
Θ(t−1, q)
(32)
where
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∏
n=0
(
1 − u−1qn+1)(1 − uqn)(1 − qn+1)
= q1/8
∑
n∈Z
(−1)nq(n2−n)/2u−n. (33)
By the l’Hopital rule we find
EllN
(
P
1, y, q
)≡ lim
t→1Ellω
∗
(
P
1, t, y, q
)= Nyη(q)−3Θ(y,q)+ Ell(P1, y, q), (34)
where
Ell
(
P
1, y, q
)= yη(q)−3(Θ(y,q)+ 2y ∂Θ(y, q)
∂y
)
,
η(q) = q 124
∏
n=1
(
1 − qn). (35)
One can give the following interpretation of the expression (34). The last term is just the el-
liptic genus of P1 coming from D2-brane wrapping P1. The first term gives the contribution due
to nontrivial line bundle O(N) is defined on P1. It coincides with the open string oscillators con-
tribution coming from N D0-branes on P1. Indeed, we see that only oscillator string excitations
contribute and there is no open string zero modes contribution. Thus we have Dirichlet bound-
ary conditions. It allows us to interpret the cohomology of chiral de Rham complex twisted by
O(N)-bundle as open string states of the bound state of N toric invariant D0-branes and one
D2-brane on P1.
3.2. Elliptic genus of line bundle twisted chiral de Rham complex on two-dimensional toric
manifold
We calculate first the elliptic genus of line bundle twisted chiral de Rham complex on P2.
Let e1, e2 be the standard basis in R2. We fix the lattice
Λ = Ze1 ⊕Ze2 ⊂R2 (36)
and its dual lattice Λ∗. The 2 − dim cones generating the fun Σ are spanned by the vectors
C01 = Cone(e0 = −e1 − e2, e1),
C02 = Cone(e0 = −e1 − e2, e2),
C12 = Cone(e1, e2). (37)
The 1 − dim cones are
C2 = C12 ∩C02 = Cone(e2),
C1 = C12 ∩C01 = Cone(e1),
C0 = C01 ∩C02 = Cone(e0). (38)
The 0-dimensional cone is C• = C0 ∩C1 ∩C2.
The toric divisor support function ω∗ of the line bundle O(N) is determined by its values on
the vectors generating 1-dimensional cones
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N = N0 +N1 +N2. (39)
According to (19) we obtain
EllN
(
P
2, t1, t2, y
−1, q
)= t−N11 t−N22 Θ(t1y−1, q)Θ(t2y−1, q)Θ(t1, q)Θ(t2, q)
+ t−N11 tN0+N12
Θ(t−12 y−1, q)Θ(t1t
−1
2 y
−1, q)
Θ(t−12 , q)Θ(t1t
−1
2 , q)
+ tN0+N21 t−N22
Θ(t−11 y−1, q)Θ(t
−1
1 t2y
−1, q)
Θ(t−11 , q)Θ(t
−1
1 t2, q)
. (40)
By the l’Hopital rule we find
EllN
(
P
2, y, q
)≡ lim
t1,t2→1
Ellω∗
(
P
2, t1, t2, y, q
)
= N
2
2
(
yη(q)−3Θ(y,q)
)2 + 3N
2
(
yη(q)−3Θ(y,q)
)
Ell
(
P
1, y, q
)
+ Ell(P2, y, q) (41)
where
Ell
(
P
2, y, q
)= (9
8
− 3qη(q)−1 ∂η(q)
∂q
)(
yη(q)−3Θ(y,q)
)2
y3η(q)−6
(
6Θ(y,q)
∂Θ(y, q)
∂y
+ 3y
(
∂Θ(y, q)
∂y
)2
+ 3
2
yΘ(y, q)
∂2Θ(y,q)
∂y2
)
(42)
is the Elliptic genus of P2.
We give the following D-brane interpretation of the expression above. Similar to the line bun-
dle twisted chiral de Rham complex on P1, the first contribution comes from the open string states
of N2 D0-branes. The second one comes from the open string states of D2-brane which is a di-
visor linearly equivalent to N multiple of the hyperplane P1 ⊂ P2, so the factor yη(q)−3Θ(y,q)
gives the open string oscillator contributions in the transverse direction to the D2-brane. Because
of there is no open string zero modes contribution we have Dirichlet boundary conditions in the
transverse direction. The last term comes from D4-brane wrapping P2. Thus the cohomology of
chiral de Rham complex twisted by O(N) bundle describes the open string states of the bound
state of D0–D2–D4-branes.
An obvious generalization of (41) for the case of chiral de Rham complex twisted by line
bundle O(D) on two-dimensional complete smooth toric variety P is given by
EllD
(
P,y
−1, q
)
= D
2
2
(
yη(q)−3Θ(y,q)
)2 − K ·D
2
(
yη(q)−3Θ(y,q)
)
Ell
(
P
1, y−1, q
)
+ Ell(P,y−1, q) (43)
where D is the divisor of a line bundle O(D) and K is canonical bundle divisor of P.
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one D2-brane wrapping the divisor D and one D4-brane wrapping P. It is interesting to note
here a similarity of the expression (43) to the expression for the Euler characteristic of a line
bundle which is given by the Riemann–Roch theorem for surfaces [22]. Moreover, in the limit
q → 0 and y → 1 the formula (43) reproduces it exactly.
3.3. Elliptic genus of line bundle twisted chiral de Rham complex on K3
In this subsection the elliptic genus of line bundle twisted chiral de Rham complex on K3
hypersurface in P3 is calculated. We begin by specifying the toric data from Section 2.3.
Let {e1, . . . , e4} be the standard basis R4. Let Λ be the lattice in R4 generated by the
vectors e0 = 14 (e1 + · · · + e4), e1, . . . , e4 and Λ∗ be the dual lattice. deg = e0 and deg∗ =
e1 + · · · + e4, where {e1, . . . , e4} is the dual basis to {e1, . . . , e4}. Hence Λ = Zdeg⊕Λ1 and
Λ∗ = Zdeg∗ ⊕Λ1. The vertices of the polytope  ⊂ Λ1 are given by the vectors e0, . . . , e4, so
that P = P3. We fix also the dual reflexive polytope ∗ ⊂ Λ∗1 with the only internal point deg∗.
According to Section 2.3. We determine the cones K , K∗ and fan Σ .
The toric divisor support function ω∗ of the line bundle O(N) induced on P3 is determined
by its values on the basic vectors generating 1-dimensional cones from Σ
ω∗(ei) = Ni, i = 1, . . . ,4, ω∗(e0) = N0,
N = N1 + · · · +N4 − 4N0. (44)
Specifying (27) to the case at hand and riding off the positive codimension cones contributions
(see [17,13]) we obtain
Ellω∗(K3, t1, . . . , t4, y, q)
= y2
4∑
I=1
( 4∏
i=1
t
−〈ω∗I ,ei 〉
i
)
Θ(t4I )
Θ(t4I y)
∏
J =I
Θ(t−1I tJ y−1)
Θ(t−1I tJ )
= y2
(
tN1 t
−N2
2 . . . t
−N4
4
Θ(t41 )
Θ(t41y)
Θ(t−11 t2y−1)
Θ(t−11 t2)
Θ(t−11 t3y−1)
Θ(t−11 t3)
Θ(t−11 t4y−1)
Θ(t−11 t4)
+ t−N11 tN2 t−N33 t−N44
Θ(t42 )
Θ(t42y)
Θ(t−12 t1y−1)
Θ(t−12 t1)
Θ(t−12 t3y−1)
Θ(t−12 t3)
Θ(t−12 t4y−1)
Θ(t−12 t4)
+ t−N11 t−N22 tN3 t−N44
Θ(t43 )
Θ(t43y)
Θ(t−13 t1y−1)
Θ(t−13 t1)
Θ(t−13 t2y−1)
Θ(t−13 t2)
Θ(t−13 t4y−1)
Θ(t−13 t4)
+ t−N11 t−N22 t−N33 tN4
Θ(t44 )
Θ(t44y)
Θ(t−14 t1y−1)
Θ(t−14 t1)
Θ(t−14 t2y−1)
Θ(t−14 t2)
Θ(t−14 t3y−1)
Θ(t−14 t3)
)
. (45)
The limit (t1, . . . , t4) → (1,1,1,1) is given by
EllN(K3, y, q) = 2N2
(
yη(q)−3Θ1,1(y, q)
)2 + Ell(K3, y, q) (46)
where
Ell(K3, y, q) = 48y2q ∂ logη(q) (η(q)−3Θ(y))2
∂q
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(
Θ(y)
∂Θ(y)
∂y
− y
(
∂Θ(y)
∂y
)2
+ yΘ(y)∂
2Θ(y)
∂y2
)
(47)
is the elliptic genus of K3.
One can see the similarity between the results (43) and (46). There is a difference however
because of the canonical bundle of K3 is trivial so that we have the open string contributions
coming from 4N2 D0-branes and one D4-brane on K3.
4. Elliptic genera for more general twisting sheaves
Here we generalize the results of the preceding section to include more general examples of
twisting sheaves. The explicit calculations are given in three examples. In the first example the
twisting sheaf localized on a curve in P2. In the second example the chiral de Rham complex is
twisted by a sheaf localized on points in P2. In the third example we twist the chiral de Rham
complex by SU(N) vector bundle with the instanton number k.
The idea behind the calculation is simple. To construct more general twisting sheaf we use
a sequence of locally free sheaves. Then we assume that the sequence can be extended to a se-
quence of twisted MSV(X) sheaves and hence, the elliptic genus we are interested in is given
by (alternating) sum of elliptic genera of the twisted MSV(X) sheaves calculated in the section
above. Though, we are not giving the proof, the structure of the formulas (34), (41), (43) obvi-
ously confirms the assumption if we read them as a D0 and D2-branes or D2-brane and D4-brane
binded together to form the bound state due to tachyon condensation [24] (see also [2,3] and ref-
erences therein) so that the open string states are given by the cohomology of line bundle twisted
chiral de Rham complex.
4.1. Elliptic genus of chiral de Rham complex twisted by a sheaf localized on a curve
Let us consider the exact sequence determined on P2
0 → O T→ O(N) → OD(N) → 0. (48)
The divisor D of the line bundle O(N) is fixed by the equation T = 0 and OD(N) is a sheaf
localized on D. To calculate the elliptic genus of chiral de Rham complex twisted by the sheaf
OD(N) we assume that the exact sequence (48) can be extended to the exact sequence of twisted
MSV(P2) sheaves
0 → MSV(P2) Tˆ→ O(N)⊗ MSV(P2)→ OD(N)⊗ MSV(P2)→ 0. (49)
where Tˆ is some vertex operator. Then the elliptic genus Ell∗N(P2, y, q) of chiral de Rham com-
plex twisted by OD(N) is given by
Ell∗N
(
P
2, y, q
)= EllN (P2, y, q)− Ell(P2, y, q). (50)
Using (41) we find
Ell∗N
(
P
2, y, q
)= N2
2
(
yη(q)−3Θ(y,q)
)2 + 3N
2
(
yη(q)−3Θ(y,q)
)
Ell
(
P
1, y, q
)
. (51)
Thus we see the open string contributions coming from bound state of N2 D0-branes and one
D2-brane which is linearly equivalent to N multiple of the hyperplane P1 in P2.
The result is clearly generalized for a more general two-dimensional toric manifold.
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Let us consider for example the sheaf
J =C[x, y]/I, (52)
where the ideal sheaf I is determined in local coordinates x1, x2 on P2 by
I = {x42p1(x1, x2)+ x1x32p2(x1, x2)+ x21x2p3(x1, x2)+ x41p4(x1, x2)} (53)
where pi(x1, x2) are the polynomials. The sheaf J can also be represented as a cohomology of
the following complex
0 →
⎛
⎝O(−5)O(−5)
O(−5)
⎞
⎠ d1→
⎛
⎜⎜⎝
O(−4)
O(−3)
O(−4)
O(−4)
⎞
⎟⎟⎠ d2→ O → 0 (54)
where the differential d1 is given by the matrix
d1 =
⎛
⎜⎜⎝
x2 0 0
−x21 x22 0
0 −x1 x2
0 0 −x1
⎞
⎟⎟⎠ (55)
and the differential d2 is given by the vector
d2 =
(
x41 , x
2
1x2, x1x
3
2 , x
4
2
)
. (56)
Notice that the only nonzero Chern class of the sheaf J is the second one ch2(F ) = 9.
Due to the assumption that complex (54) can be generalized to the complex of line bundle
twisted MSV(P2) sheaves, the elliptic genus of the chiral de Rham complex twisted by J , is
given by
EllJ
(
P
2, y, q
)= Ell(P2, y, q)− 3Ell(−4)(P2, y, q)
− Ell(−3)
(
P
2, y, q
)+ 3Ell(−5)(P2, y, q)
= 9(yη(q)−3Θ(y,q))2 (57)
where we have used (41).
The D-brane interpretation of this result is obvious: the elliptic genus is given by the open
string oscillator contributions from the bound state of 9 D0-branes.
Clearly this result can be generalized for more general toric manifold.
4.3. Elliptic genus of chiral de Rham complex on P2 twisted by k-instanton SL(N)
vector bundle
Due to Donaldson [23] the set of sections of k-instanton SL(N) vector bundle on P2 can be
given by the cohomology of the complex
O(−1)⊕k d1→ O⊕(2k+N) d2→ O(1)⊕k (58)
where
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d2 = B0X0 +B1X1 +B2X2 (59)
where X0,X1,X2 are the homogeneous coordinates on P2 and Ai , Bi , i = 0,1,2 are the constant
matrices satisfying d1d2 = 0.
Assuming that complex (58) can be generalized to the complex of line bundle twisted
MSV(P2) sheaves one can write out the elliptic genus of the chiral de Rham complex twisted
by k-instanton SL(N) vector bundle as the alternating sum
Ell(SL(N),k)
(
P
2, y, q
)
= kEll(−1)
(
P
2, y, q
)− (2k +N)Ell(P2, y, q)+ kEll(1)(P2, y, q). (60)
Using (41) we obtain
Ell(SL(N),k)
(
P
2, y, q
)= k(yη(q)−3Θ(y,q))2 −NEll(P2, y, q). (61)
Thus we have a bound state of k D0-branes and N D4-antibranes wrapping P2 which is in
agreement with Witten’s conjecture [16].
In conclusion of this section some comment on tachyon condensation [24,25] is in order. In
the topological open string B model the complex of sheaves correspond to a set of topological
branes and antibranes. Taking the cohomology of the complex models brane–antibrane annihi-
lation due to tachyon condensation (see [2,3] and references therein). In this approach the only
open string states one can observe are the ground states. The infinite tower of open string states
erected over the ground ones are canceled because of topological reduction. On the contrary,
the results of this section show that one can reproduce the infinite tower of open string states
taking the sequences of twisted MSV sheaves instead of usual ones and taking corresponding
vertex operators modeling the tachyons. In other words, making such substitution we reproduce
brane–antibrane annihilation for the physical D-branes, at least in the large radius limit of the
toric manifold.
5. Conclusion
In this note we calculated elliptic genus in various examples of twisted chiral de Rham com-
plex on two-dimensional toric compact manifolds and Calabi–Yau hypersurface in compact
smooth toric manifold. In all cases considered, we found an infinite tower of open string os-
cillator contributions coming from the corresponding bound states of D-branes and identified
directly the open string boundary conditions to the characteristic classes of Chan–Paton bundles.
Our results confirm the conjecture of [13] that twisted chiral de Rham complex describes an in-
finite tower of states in the open string sector of bound state of D-branes in the large radius limit
of boundary sigma model on toric manifold.
One of the obvious question remained open is to explain in more details the geometric mean-
ing of the elliptic genus expressions like (41), (43), (46). It would be interesting in particular to
interpret these expressions as string generalization of Hirzebruch–Riemann–Roch index formula.
Similar question in the context of topological boundary B model has been discussed in the works
of [26] and [27], see also [3].
There is also a technical problem of elliptic genus calculation for higher-dimensional toric
manifolds. It would be interesting in particular to calculate the elliptic genus of twisted chiral de
Rham complex on a toric Calabi–Yau three-fold. The proof of the assumption the calculations of
Section 4 were based on is another open question.
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